We prove the relation between the Hodge structure of the double cover of a nonsingular cubic surface branched along its Hessian and the Hodge structure of the triple cover of P 3 branched along the cubic surface. And we introduce a method to study the infinitesimal variations of Hodge structure of the double cover of the cubic surface. Using these results, we compute the Néron-Severi lattices for the double cover of a generic cubic surface and the Fermat cubic surface.
Introduction
Let X ⊂ P 3 be a nonsingular cubic surface over the complex numbers C. It is wellknown that X contains 27 lines in P 3 . A point p ∈ X is called an Eckardt point if there are three lines through p on X. The classification of nonsingular cubic surfaces by the configuration of their Eckardt points is given in the book [11] . Although the configuration of the Eckardt points varies by a deformation of X, the Néron-Severi lattice for X is constant. In order to detect the difference of the configuration of the Eckardt points, we consider the Néron-Severi lattice for the double cover of X branched along its Hessian. Let B ⊂ X be the zeros of the Hessian of the defining equation of X. Then B has at most node as its singularities, and a point p ∈ X is a node of B if and only if p is an Eckardt point on X. Therefore an Eckardt point on X corresponds to an ordinary double point on the finite double cover Y ′ over X branched along B. Let φ : Y → X be the composition of the minimal resolution of Y ′ and the finite double cover. Then an Eckardt point e on X corresponds to the (−2)-curve φ −1 (e) on Y , and a line L on X splits by the pull-back φ * into two (−3)-curves L + and L − on Y , where we can chose the component L + of φ * L so that the union of 27 rational curves L L + is a disjoint union. We remark that Y is a minimal surface of general type with the geometric genus 4, and the double cover φ is the canonical morphism of Y . In this paper, we regard an Eckardt point e on X as the class [φ −1 (e)] in the Néron-Severi lattice of Y , and we compute the Hodge structure on H 2 (Y, Z). There is another way to study cubic surfaces by using the Hodge structure of some associated variety. Let ρ : V → P 3 be the triple Galois cover branched along a cubic surface X. The Hodge structure on H 3 (V, Z) with the Galois action was considered by Allcock, Carlson and Toledo [1] to understand the moduli space of cubic surfaces as a ball quotient. In this paper, we investigate the relation between the Hodge structures H 2 (Y, Z) and H 3 (V, Z), and we prove that there is an isomorphism 2 H 3 (V, Q)(1)
of Hodge structures. More precise statement in Z-coefficients is given in Theorem 5.8. We remark that V is a nonsingular cubic 3-fold in P 4 , and the Hodge structures of cubic 3-folds were studied by Clemens-Griffiths [3] and Tjurin [12] . Let S be the set of lines on a nonsingular cubic 3-fold V ⊂ P 4 . It is a nonsingular projective surface, which is called the Fano surface of lines on V . Then the isomorphisms of Hodge structures H 3 (V, Z)(1) ≃ H 1 (S, Z) and 2 H 1 (S, Q) ≃ H 2 (S, Q) are proved there. In order to relate the Hodge structure H 2 (Y, Q) with H 2 (S, Q), we regard the surface Y as a kind of variety of lines. Let Λ(P 3 ) be the Grassmannian variety of all lines in P 3 . We show that Y is isomorphic to the variety
| L intersects X at p with the multiplicity ≥ 3}, and the double cover φ : Y → X corresponds to the first projection Y 3 → X; (p, L) → p.
Then the second projection Y 3 → Λ(P 3 ); (p, L) → L is a birational morphism to its image Z 3 ⊂ Λ(P 3 ), and the Fano surface S of the triple cover V of P 3 is a triple cover of
L QL + , we get the isomorphism (1.1).
By using this isomorphism (Theorem 5.8), we compute the Néron-Severi lattice NS (Y ) of Y . For a generic cubic surface X, we prove the theorem of Noether-Lefschetz type (Theorem 6.1), which says that NS (Y ) is generated by (−3)-curves on Y corresponding to lines on X for a generic cubic surface. We use the theory of the infinitesimal variations of Hodge structures [2] to compute that the rank of NS (Y ) is 28 for a generic cubic surface X. We introduce a method to compute the Hodge cohomology H q (Y, Ω p Y ) for Y , which is a generalization of the classical method by Griffiths [6] . And it enables us to compute the infinitesimal variations of Hodge structure of Y . In order to prove that the (−3)-curves on Y generate the Néron-Severi group over Z, we need the computation of the determinant of the lattice, for which the identification in Theorem 5.8 is used. For a special cubic surface, the rank of NS (Y ) is grater than 28. If X is the Fermat cubic surface, then NS (Y ) is of rank h 1 (Y, Ω 1 Y ) = 44, and the Q-vector space Q ⊗ NS (Y ) is generated by (−2)-curves corresponding to their Eckardt points and (−3)-curves corresponding to lines on X. More precisely, the generator of NS (Y ) over Z is given in Theorem 6.6. For the proof of Theorem 6.6, we use the computation of the Néron-Severi lattice of the Fano surface S for the Fermat cubic 3-fold by Roulleau [10] .
The contents of this paper is the followings. In Section 2, we introduce the variety Y 3 for a nonsingular cubic surface X, and compute the numerical invariants for the surface Y 3 . In Section 3, we prove that the first projection Y 3 → X is the double cover branched along the Hessian B. And we compute the intersection number on Y = Y 3 of the curve φ −1 (e) corresponding to an Eckardt point e on X and the curves L ± corresponding to a line L on X. Then we give some relations of these curves in the Néron-Severi group of Y . In Section 4, we review some results on nonsingular cubic 3-folds and their Fano surfaces in [3] and [12] . In Section 5, we prove the relation (1.1) between the Hodge structure of Y and the Hodge structure of the triple cover V → P 3 . And we determine the torsion part
and the lattice structure on the free part
. In Section 6, we compute the Néron-Severi lattice of Y for a generic cubic surface and the Fermat cubic surface. In Section 7, we give a method to describe the Hodge cohomology of Y , and we compute the infinitesimal variations of Hodge structure for Y .
Varieties of lines
We denote by Λ(P n ) the Grassmannian variety of all lines in the projective space P n over the complex numbers C, and by O Λ(P n ) (1) the line bundle which gives the Plücker embedding of Λ(P n ). We denote by Γ(P n ) be the flag variety of all pairs (p, L) of a point p ∈ P n and a line L ⊂ P n which contains the point p;
We remark that their canonical bundles are given by
, where Φ : Γ(P n ) → P n is the first projection and
be the tautological bundle on Λ(P n ), and let S be the subbundle of
Then the Chow ring of Γ(P n ) is
where s = c 1 (S) and t = c 1 (Φ * O P n (1)) (cf. [5, (14.6) ]). Let X ⊂ P 3 be a nonsingular cubic surface. We define subvarieties of Γ(P 3 ) by
| L intersects X at p with the multiplicity ≥ m} for 1 ≤ m ≤ 3 and
By the first projection Φ, Y 1 is a P 2 -bundle over X, and Y 2 is a P 1 -bundle over X. By [8, Theorem 3.5] , Y 3 is a nonsingular projective irreducible surface, and the first projection Φ| Y 3 is a generically finite morphism of degree 2 over X. Since X contains 27 lines in P 3 , Y ∞ is a disjoint union of 27 rational curves. Let F ∈ H 0 (P 3 , O P 3 (3)) be a section which define the cubic surface X.
if and only if the pair (p, L) is contained in Y m . Hence, for 1 ≤ m ≤ 3, the subvariety Y m is defined as the zeros of a regular section of the vector bundle
Since the cubic surface X is recovered as the image of the canonical map of Y 3 , we have the following Torelli type theorem. Corollary 2.3. The isomorphism class of the cubic surface X is uniquely determined by the isomorphism class of Y 3 .
The self intersection number of a component of Y ∞ is less than −1 because K Y 3 is nef, and the component is not a (−2)-curve because its image by the canonical map is a line in P 3 . Since Y ∞ is a disjoint union of 27 rational curves, each component of
Remark 2.5. The second projection
X} is equal to the singular locus of Z 3 .
The double cover branched along Hessian
For simplicity, we denote the first projection Φ| Y 3 : Y 3 → X by φ : Y → X. Let R be the ramification divisor of φ : Y → X. Since R is the zeros of the determinant of the differential dφ :
We denote by B = φ * R the branch divisor of φ. Let F (x 0 , . . . , x 3 ) ∈ C[x 0 , . . . , x 3 ] be a cubic polynomial which defines the nonsingular cubic surface X.
Proposition 3.1. B ⊂ X is the zeros of the Hessian
Proof. For p = [a 0 : a 1 : a 2 : a 3 ] ∈ P 3 , if a 0 = 0, then there is an isomorphism
where L (p,q) denotes the line through the points p and [0 :
For 0 ≤ i ≤ 3, we set a polynomial F i (x, z) on variables (x 0 , . . . , x 3 , z 1 , . . . , z 3 ) inductively by
and
p ∈ X is contained in B if and only if there exists [
and the rank of the matrix
(a)) = (0, 0, 0), the condition on the rank of the matrix is equivalent to the existence of b 0 ∈ C such that
Hence, p ∈ X is contained in B if and only if there exists [b 0 :
and it is equivalent to
Hence B is defined by the Hessian on X \ {x 0 = 0}. In the same way, we can show that B is defined by the Hessian on X \ {x i = 0} for 1 ≤ i ≤ 3.
Let E be the sum of all components of R which contract to points by φ, and let D be the divisor such that The branch divisor B has at most nodes as its singularities, and the singular locus of B is equal to the set of Eckardt points of X. A line L on X intersects B at two points with each multiplicity 2, and
First, we normalize for p ∈ X the equation of X by a transformation of the homogeneous coordinate in order to introduce a local coordinate of X around p and to compute the local equation of these divisors.
be an equation of a nonsingular cubic surface X, and let p be a point on X. 
. By the transformation 
and we may assume that α 2 = 0. By the transformation
we may assume that (c 200 , c 110 , c 020 ) = (0, 0, 1). If c 210 = 0, then by the transformation
F (x) is normalized to satisfy c 210 = 1. If c 210 = 0 and c 300 = 0, then by the transformation 
, where a is a root of the quadratic equation
Let ω ∈ C be a primitive 3-rd root of unity. By the transformation
F (x) is normalized to satisfy (c 300 , c 210 , c 120 , c 020 ) = (
, 0, 0,
3
).
Proof of Theorem 3.2. For p ∈ X, by Lemma 3.3, we may assume that p = [1 : 0 : 0 : 0], c 000 = c 100 = c 010 = 0 and c 001 = 1. Then
and (ξ 1 , ξ 2 ) gives a local coordinate of X at p because
which intersects X at p with multiplicity ≥ 2. For 0 ≤ i ≤ 3, we set a polynomial by
where
is the polynomial defined in (3.1). Then Y is locally defined by these polynomials on a neighborhood of (p,
In order to give a local coordinate of Y , we divide the case into three types.
1. The case where φ −1 (p) is a set of distinct two points. By Lemma 3.3, we may assume that c 000 = c 100 = c 010 = c 200 = c 020 = 0 and c 001 = c 110 = 1. Then we have
In the same way, we can see the picture of a neighborhood of (p, 
There is a holomorphic function σ(ξ 1 ) on a neighborhood of ξ 1 = 0 such that σ(0) = 0 and
is contained in X, we have c 300 = 0 and there is a holomorphic function
L intersects B at p with multiplicity 2.
3. The case where φ −1 (p) ≃ P 1 . By Lemma 3.3, we may assume that c 000 = c 100 = c 010 = c 200 = c 110 = c 020 = c 210 = c 120 = 0 and c 001 = 3c 300 = 3c 030 = 1. Since
There is a holomorphic function η 1 (ξ 2 , ζ 2 ) such that
We remark that L [1:λ] ⊂ X if and only if λ 3 +1 = 0. Hence p is an Eckardt point on X. We assume that
There is a holomorphic function σ(ξ 2 ) on a neighborhood of ξ 2 = 0 such that σ(0) = 0 and 1:λ] intersects B at p with multiplicity 2.
By the above observation, we have φ
Each component of E corresponds to an Eckardt point on X, and it is a (−2)-curve on Y , because φ is the canonical map of Y by Proposition 2.1.
Remark 3.4. There are at most two Eckardt points on a line L ⊂ X, hence there are at most 18 Eckardt points on X. If X has 18 Eckardt points, then X is isomorphic to the Fermat cubic surface [11] . 
is a hyperplane section by the Plücker embedding Λ(P 3 ) ⊂ P 5 . We prove that
We compute the multiplicity of each component.
1. The case where there are no Eckardt points on the line L 0 . We set integers a + , a − and a L by
By the relation (3.2),
hence we have
These equations imply that a + = 2, a − = 3 and a L = 1 for L ∈ Z ∞ (L 0 ).
The case where there is only one
Eckardt point e on the line L 0 . We denote by Z ∞ (e, L 0 ) ⊂ Z ∞ (L 0 ) the set of two lines through the point e. We set integers a + , a − , b and a L by
These equations imply that a + = 2,
3. The case where there are two Eckardt points e 1 , e 2 on the line L 0 . We set integers
By the relation 3.2,
These equations imply that a + = 2, a − = 3,
Periods of cubic 3-folds
We review some works on cubic 3-folds by Clemens-Griffiths [3] and Tjurin [12] . Let V ⊂ P 4 be a nonsingular cubic 3-folds. We define a subvariety W of P 4 × Λ(P 4 ) by
and we define a subvariety S of Λ(P 4 ) by
which is a nonsingular surface and called the Fano surface of lines on V . The first projection φ : W → V is a generically finite morphism of degree 6, and the second projection ψ : W → S is a P 1 -bundle.
Theorem 4.1 (Clemens-Griffiths [3], Theorem 11.19). The homomorphism
is an isomorphism of Hodge structures.
Let J be the intermediate Jacobian of the Hodge structure H 3 (V, Z). Then the complex torus J is a principally polarized abelian variety of dimension 5. We denote by θ ∈ H 2 (J, Z) the class of the polarization. Let A be the Albanese variety of S, and ι : S → A the Albanese morphism. By Theorem 4.1, there is a natural isomorphism A ≃ J of abelian varieties. Let us denote by θ ∈ H 2 (A, Z) the corresponding principal polarization on A. The primitive part of H 2 (A, Z) is defined as the space
and the primitive part of H 2 (S, Z) is defined as the space
is the class of a hyperplane section by the Plücker embedding Λ(P 4 ) ⊂ P 9 . We define a symmetric form on H 2 (A, Z) by
, and a symmetric form on H 2 (S, Z) by
We remark that these symmetric forms give polarizations of Hodge structures on the primitive part H Proof. By [3, Lemma 9.13 and (10.14)], the homomorphism ι * : H 2 (A, Z) → H 2 (S, Z) is injective with a finite cokernel. By [4, (2.3.5)], the homology group H 1 (S, Z) has no torsion element, and the cokernel of ι * :
Hence H 2 (S, Z) has no torsion element, and the cokernel of ι * :
for α 1 , α 2 ∈ H 2 (A, Z), hence the homomorphism ι * is compatible with the symmetric forms. Let τ ∈ H 2 (S, Z) be the class of an incidence divisor [3, §2] . Since 3τ = [O S (1)] by [3, §10] , the primitive part H 2 prim (S, Z) is equal to the space orthogonal to τ . Since 2τ = ι * θ by [3, Lemma 11 .27], we have
for any α ∈ H 2 (A, Z). Hence we have a commutative diagram of exact sequences
Since θ is a principal polarization, the image of the homomorphism
is 2Z. And the image of the homomorphism
is not contained in 2Z, because deg (τ ∪2 
Periods of cubic surfaces
Let X ⊂ P 3 be a nonsingular cubic surface defined by F (x 0 , . . . , x 3 ) ∈ C[x 0 , . . . , x 3 ]. Let V ⊂ P 4 be the cubic 3-fold defined by F (x 0 , . . . ,
is the triple Galois cover branched along the cubic surface X. Let S be the Fano surface of lines on V . Then the Galois group Gal (ρ) ≃ Z/3Z of the cover ρ acts on the surface S.
by ρ is a line in P 3 , and it is contained in X or intersects X at only one point with multiplicity 3.
Proof. Let H 4 ⊂ P 4 be the hyperplane defined by the equation Since F (b 0 , . . . , b 3 ) + 1 = 0 and F (a 0 , . . . , a 3 ) = 0, we have (b 1 , . . . , b 3 ) = (0, . . . , 0) and
3 with multiplicity 3.
Let Z = Z 3 be the surface in Remark 2.5. By Lemma 5.1, the line ρ(L) represents a point of Z for a line L on V . Let us abuse notation by
We set
which is a set of 27 points on S.
Lemma 5.2. ρ : S → Z is the quotient morphism by the Gal (ρ)-action, and S ∞ is the set of the fixed point by the Gal (ρ)-action on S.
Proof. Let ω ∈ C be a primitive 3-rd root of unity. The automorphism
is a generator of the Galois group Gal (ρ). For a line L on V , we have ρ(L) = ρ(σ(L)), and if L = σ(L), then L is contained in H 4 . Hence S ∞ is the set of fixed points of the Gal (ρ)-action on S. Let
be a line in P 3 which intersects X at [a 0 : · · · : a 3 ] with multiplicity ≥ 3. Then there exists c ∈ C such that Remark 5.3. Each singularity of Z is isomorphic to the quotient of C 2 by the cyclic group generated by the action (a, b) → (ωa, ωb). Hence we have
Let φ : Y = Y 3 → X be the double cover branched along its Hessian, and let Y ∞ be the distinguished divisor on Y which is introduced in Section 2. By Remark 5.3, the restriction homomorphism 
We denote by A i the positive definite root lattice of type A i , and by 1 the trivial lattice of rank 1.
Proposition 5.9. There are isomorphisms of lattices;
We define an alternating form on H 1 (A, Z) by 
Proof of Proposition 5.9. Using the basis in Lemma 5.10, the class of the principal polarization is
We set τ = θ ∈ H 2 (A, Q). Then τ corresponds to the class of an incidence divisor on S, and H 2 (S, Z) is identified with the sublattice in H 2 (A, Q) generated by τ and H 2 (A, Z). We define sublattices in H 2 (A, Q) by
for 0 ≤ i < j ≤ 4. Then we have orthogonal decompositions of lattices 
for 1 ≤ j ≤ 4, and
for 1 ≤ i < j ≤ 4. Hence we have
By Proposition 5.4, we have the results for lattices
In the similar way, the statements for lattices H 2 (Z, Z) and H 2 prim (Z, Z) can be proved.
Proof. The first equality has been proved in the proof of Proposition 5.7. Since
which are sublattices of rank 28. We compute the determinant of these lattices. By Proposition 5.9, we have det
On the other hand, by Remark 3.6, we can directly compute the determinant of the sublattice
hence we have the second equality.
Néron-Severi lattice
The Néron-Severi group NS (Y ) of the surface Y is the subgroup of H 2 (Y, Z) generated by algebraic cycles. Since H 2 (X, Z) is generated by algebraic cycles, The idea of the proof is based on the theory of infinitesimal variations of Hodge structure [2, Section 3] . Let M ⊂ P(H 0 (P 3 , O P 3 (3)) ∨ ) be the space of smooth cubic surfaces, and let Y → M be the family of the surface Y . We define a homomorphism by ǫ :
is the Kodaira-Spencer class of ξ∈T M ([F ]), and
is the contraction homomorphism. We remark that C ⊗ Z NS (Y ) is isomorphic to the kernel of ǫ for a generic [F ] ∈ M.
Proposition 6.2. The homomorphism ǫ :
The computation of the infinitesimal variations of Hodge structure for Y is given in Section 7, and Proposition 6.2 will be proved there.
Proof of Theorem 6.1. By Proposition 5.11,
has no torsion element, and by Proposition 6.2, the rank of NS (Y ) is 28 for a generic cubic surface X. Hence we have
= 0 for a generic X.
Next we study the surface Y for the Fermat cubic surface X. Let X ⊂ P 3 be the cubic surface defined by F = x 18 , and
where τ is the class of an incidence divisor.
By using Theorem 6.3, we compute the Néron-Severi lattice NS (Y ) for the Fermat cubic surface X. The branch divisor B of the double cover φ : Y → X is the sum of the elliptic curves
for 0 ≤ k ≤ 3, because the Hessian of F is 6 4 x 0 x 1 x 2 x 3 . Let D k be the irreducible component of the ramification divisor R of φ : Y → X which corresponds to B k , and let E α i,j be the irreducible component of the ramification divisor R which corresponds to the Eckardt point
for 0 ≤ i < j ≤ 3 and α ∈ C with α 3 = 1. We remark that D k is an elliptic curve, and the irreducible decomposition of the ramification divisor is
Remark 6.4. For a line L on the Fermat cubic surface X and an Eckardt point e on X, the intersection numbers on Y are computed by
Lemma 6.5. There is an isomorphism
where π denotes the natural surjective homomorphism
Proof. By Proposition 5.4, Remark 5.6 and Proposition 5.7, we have the isomorphism of Hodge structures
and this induces the isomorphism [3, §10] , and π(ψ
Theorem 6.6. For the Fermat cubic surface X, the Néron-Severi lattice NS (Y ) is of rank 44 with the determinant −3 12 , and
Proof. By Theorem 6.3, we have
By Lemma 6.5, we have
and by Remark 3.6 and Remark 6.4, we can directly compute the determinant of the lattice.
Remark 6.7. The sublattice
is of rank 44 with the determinant −2 2 · 3 12 , hence it is a sublattice of index 2 in NS (Y ).
Infinitesimal variations of Hodge structure
In this section, we compute the infinitesimal variations of Hodge structure for the surface Y ⊂ Γ(P 3 ), and we prove Proposition 6.2. The method is introduced in [9] as a theory of Jacobian rings.
be the family of the surface Y 3 . Let
be the Kodaira-Spencer map. By the duality, Proposition 6.2 is a corollary of the following proposition.
Proposition 7.1. The homomorphism
is of rank 16, where c is the contraction homomorphism
Let S P 3 be the kernel of the homomorphism
. Then we have the natural exact sequence
of vector bundles on Γ(P 3 ), and we have the exact sequence
Since the homomorphism
is identified with the natural homomorphism to the normal bundle T P 3 ×Λ(P 3 ) | Γ(P 3 ) → N Γ(P 3 )/P 3 ×Λ(P 3 ) , we have the exact sequence
Let (x 0 , . . . , x 3 ) be a basis of the vector space V = H 0 (P 3 , O P 3 (1)), and let (x ∨ 0 , . . . , x ∨ 3 ) be the dual basis of (x 0 , . . . , x 3 ).
). By the exact sequence (7.1), we have
, and we can prove that
We define filtration on Ψ * Sym 3 Q Λ(P 3 ) by
where S denotes the line bundle defined as the kernel of the homomorphism 
). We define the sheaf of O Y 2 -modules N as the cokernel of the homomorphism
We remark that
And we can check that the homomorphism
There is an exact sequence
Proof. By the definition of N , we have the exact sequence
, and N Y 3 /Y 2 is the cokernel of the homomorphism
Since the kernel of the composition T Γ( The natural homomorphism O Γ(P 3 ) ⊗ V ⊗ Sym 2 V → Φ * Q P 2 ⊗ Ψ * Sym 2 Q Λ(P 3 ) induces the isomorphism 
is identified with the cokernel of the injective homomorphism
Proof. By the exact sequence in Lemma 7.3, we have the exact sequence 
We remark that the homomorphism δ•ν is the composition of injective homomorphisms ν : V ∨ ⊗ V → Sym 3 V and
Remark 7.6. Since H 1 (Y 2 , T Y 2 (−Y 3 )) = 0, the homomorphism
is injective.
Lemma 7.7. The Kodaira-Spencer map κ :
is computed by the homomorphism 
is naturally identified with the cokernel of the injective homomorphism
Proof. By the exact sequence
By the exact sequence (7.1), we have the exact sequence
and H 0 (Y 2 , (Φ * Q P 3 ⊗ T Γ(P 3 ) )| Y 2 ) is identified with the cokernel of the injective homomorphism 
